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We calculate the bilinear combination of Dirac tensors, describing the creation of a pair of charged 
particles (pi-meson or leptons) by virtual photons integrated on the final particles phase volume. It 
can be interpreted as a s channel discontinuity of the zero angle light-by light scattering tensor. 
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INTRODUCTION 



A lot of attention was paid to the problem of describing the lowest order nonlinear effect of Quantum 
Electrodynamics-the scattering of photon on photon. One of earlier papers [l[ reveals rather complicate structure 
Q_[ of tensor describing the light by light scattering (Ibl) process 

CO! 7*(*i./*)+7*(*2^)->7*(*3,p)+7*(*4.ff) (1) 

I with all photons off mass shell. 



G,„ pff (1234) = J2 {\A^\l2M)k [ ^k<fhf) + ^ 2341 (1234)*f 4 3 )fcf fcW + 

£^ 24perm 

CX. ^A 2in (1234)k^kPk^k^ + ^A 2121 (l2M)k^k^k^k^ + 

A 2311 (1234)k^k^k^k^ + A 2123 (1234)fc(2) jfeWfcW *i 3) + 

\B{\l?M)8wkWkV> + ii? 1 12 (1234)^,,fcWfc( 2 ) + 

> ' 11 

B\\l2M)6^ n J^k^ + -Bf{l2te)5 UtV kfkW + -& (1234)^,4, (2) 
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with notations given in [![. A detailed investigation was done in papers of 1960-1980 years( see for instance Q and 
references therein). Different channels with some of photons on mass shell was investigated using different approaches. 
One of the them was the photon splitting in Coulomb field of a heavy nuclei [3] was described using the double 
dispersion approach. 

Nevertheless for many applications-the forward kinematics for instance the Ibl tensor can be written in compact 
form see (1151) below. It is the aim of our paper-to calculate the s channel discontinuity of Ibl tensor with fermions or 
scalar particles intermediate state, which is associated with the scattering process 
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7(fc, (j>) + 7(9, v) -> 7( fc , + 7(9, "i)> (3) 

namely 

A s L^^(k,q;k,q) = (Ana) 2 J T^(k,q;q + ,q-)(T^(k,q;q + ,q-)rdT 2 , (4) 
with the phase volume of the intermediate state with two on mass shell charged particles 

dT 2 = j^-^d i q-d i q + S{q 2 _ - m 2 )5(q 2 + - m 2 )S 4 (k + q - q + - g_) = 

1 d 3 q+d 3 q- 4 

-6 (k + q-q + -q-). (5) 
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Writing down the phase volume in form (we will work in the center of mass reference frame k + q = 0) : 



/ 
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with 4- vector component dehned as g_ = (y/s /2)[1, (3 ft], n = (c, sin 9 cos <p, sin 9 sin ip) and 



s = (k + q) 2 = {q + + q_f; p = ^/l-^,c = cos6. (7) 

Here 9 = (k, g_) and 0-are the polar and azimuthal angles which define the direction of 3- vector <f_ in frames with z 
axes directed along k. The integration on phase volume is essentially the angular averaging: 

A S L^ 1V1 (k, q; k, q) = Unaf—l^ 1 " 1 , 

87T 

l^ 1 " 1 =<T^{k,q;q + ,q_){T^{k,q;q + ,q_))* >, 
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II. LIGHT-LIKE BASIS. GENERAL FORM OF THE ZERO-ANGLE SCATTERING TENSOR 

It's convenient to introduce two linear combinations of 4-momenta of photons k = (ko, \k\,0, 0); q = (qo, — \k\, 0, 0) 

k + 9 M n n t\\ 1ok~ k q 

X = ~~=~ = (1,0,0,0), r = = (0,1,0,0) 

X 2 = l, r 2 = -l, ( X r)=0 (9) 

and the "transversal" metric tensor 

9» v = ^,3^,3 + <W<W- (10) 
It have only transversal to 4- vectors k, q component 

9^ = fat = 0- (11) 

Transversal tensor can be written as 

9»v = -9»v + XyXv - ~r ji r v . (12) 
The photon's momenta can be written in terms of 4- vectors x, r as 

k = k aX + pr, q = q a x - pr, p=\\-. (13) 

2 V s 

Explicit form of ko, qo, \ k\ = \q\, A = A(s, fc 2 , q 2 ) are given in Appendix A. 
Besides we introduce two vectors orthogonal to k, q: 

k=px + k r; q = px - qor; (kk) = 0; (qq)=0. (14) 

The tensor can be written in terms of g 1 - and fc, q which are explicit gauge- invariant quantities: 

^i^i = a F-F + a G G + a H H + a a a + a b b + a c c + a d d + a l e + a )f + a-hk^k^quq^, i = ir,n, (15) 

with c-number coefficients a* given below and tensor structures 

^ ~ 9 i i i i- l 9w\ i G ~ 9nu 1 9ufj, 1 i H ~ 9fiu9^ lVl > 

a = .9/j/j! QvQvi , & = 9/j,i/Qvi km , c = 9vjx\9v^ k^', 

d = gj^v^quk^; e = g^ i ^ i q l/ k fl ; f = g^k^k^ . (16) 



III. RESULTS 

For the case of pion pair production we obtain (details in Appendices A,B,C): 

a* H =< 4 + 16X^0! + 16-^A 2 /3 2 >; 
a or 

= al = 16 < ^A 2 /3 2 >; 
p 2 al = p 2 a: =< 4[^ - 4^]ft - 4 + 2^[-5 + p] >; 
A3 - p 2 < =< 4A 2 (± - l)(p - >; 

p 2 < =< 4AV (± - >; 

p 2 a:=<4AV(i-l)/3 1 >; 

A£ =< 4 + 4(1 - p)^ + 4[16 + (1 - p) 2 ]^ > . (17) 
The coefficients for tensor for the case of lepton pair in the intermediate state is 

o \2 1 

P 2 < = ^-[(1 - d)e 2 + [-d(5 -e-l) 2 - X 2 (S + e - l) 2 e]ft]; 

P 2 < = -^^[^ - 2A ^ + A 2 (5 + £ - l) 2 /?i]; 

4A 2 1 

P 2 < = --S"[2(l - <Qe* + [tt( 2 - - 6 - l) 2 - (1 - rf)(<5 + e - 1) - 2e(2 - d)]/?i]; 



c? 2 ; L 2* 

_ SA^e + J-l) 2 1 2 , 



< = ^2 '-[-^d - eSX 2 + (S + e)A 2 /3 1 - A 2 ft,]; 

< = - 8A2(£ ^~ 1)2 [^ - ^A 2 + (5 + e - l)A 2 /3i + A 2 /3 2 ]; 
< = ^T^^ - £(5A2 + ( J + e - !) A2 M1 - d) - A 4 (e + 5 - lf/3 2 }; 

n 4 u_ 8(l~d) r l ._ » 21 



PX= d^ [ 4^ £al ' (18) 



besides 



Here we use the notations 



a^ = <(e^5);p 2 < = <;< = <. (19) 
/c 2 <? 2 g fco 

s S y/S y/S 

A = 7T j^ T ; p = ^ ft = - c 2 ); ft = |/3 4 (1 - c 2 ) 2 . (20) 

The relevant integrals needed within operation of averaging over polar angle are given in Appendix. 

IV. CONCLUSION. THE CASE OF REAL PHOTONS 

As well as the results are given in relativistic-invariant form the form of Ibl tensor in any reference frame can be 
obtained. 

For the case of both photons on mass shell the 4-vectors k, q become the light-like ones. Using 

P =^-,p = l,X = -l;r} = cr=^,e = 6 = 0, (21) 
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we obtain 



and 



al =<4-16i/3 1 + 16^/3 2 >; 
a^ G = a w F = 16 < i/3 2 >; 
Ja? = JaJ=<-4A[i + 4]-4 + 8 i>; 



4< = 4«/=<Ab-3j)>; 



.1 i 

^rf ~ d 2 ' 



^ = 4<l + 16l> 



(22) 



8 1 

<4=< Jf[(l -ft)- /3 2 > 

< = < = -< = -< = -A 



a£ = a£ = 1(1 -</)(-,/- 



2„2 



d = 1 - 



(23) 



As an important test is the correspondence with cross sections of pair production in real photons collisions. Really 



deri- 



de 2{s - 4m 2 ) 

We obtain for the case of a pair of charged scalar particles [i 



y y L ^up,ii 



and for fermion pair 



da _ a 2 ^ 8m 2 1 + 32m 2 1 
dc 2s s d s 2 d 2 



da _ 2a 2 /3 r l + (3 2 c 2 ( 8m 2 32m 4 n 



(24) 



(25) 



(26) 



<i s<i s 2 <i 2 

Constructing the combination <? MMl g VVl l ilVillVl = 4ap + 2(aa + an) one can be convinced that these tests are fulfilled. 
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Appendix A: The charged pi-meson pair intermediate state. Kinematics 

Matrix element of subprocess have a form 



with 



_ {2q.~kY(-2q + + qY (k - 2 g+ ) M (2g_ - q) v _ 
1 ~ + d + 

d- = (q_ - kf - m 2 = k 2 - 2q_k: d + = (-q + + k) 2 - m 2 = k 2 - 2q_q. 



(Al) 



(A2) 



One can be convinced in fulfilment of gauge-invariance condition T^ v k^ = T^ h ' q v = 0. 
It seems to be convenient to rewrite the Dirac tensor T^ v as 

T"" = Aqtq'L - 2q»_C v - 2q v _D» + r„„ + 2g^; 



\iv - - r k^{2k + q) v + —q v {2q + k)„ - 2 X ^ + 2r„r„; 



d- d + \ d- <i + / \d- rf + 

Using the energy-momentum conservation law 

k + q = q+ + q- 

we find 

s + k 2 - q 2 s + q 2 - k 2 

ko = r-p , <?0 



' yu 2>/i ' 

fc 2 = A A = S 2 + (fc 2 ) 2 + (rj 2 ) 2 - 2sfc 2 - 2sq 2 - 2k 2 q 2 . 

Below we will express the lbl tensor in terms of g^- and k, q which are explicit gauge-invariant quantities. 
So we have (see (9)): 

A s L^ lVl (k,q;k,q) = A(47ra) 2 < T^(T^ 1 )* > . 
8tt 



Appendix B: The charged lepton pair intermediate state 

Matrix element of subprocess have a form 



with 



q+q- 



mm; -, m Q- — k + m -q + + k + m . 

T £V = u (v-)h»- — ji — 7. + ^^^f_ 7>(<?+)- 



Using the on mass shell conditions of leptons it can be written as 



Rather tedious calculation leads to result given above. 



Appendix C: details of calculations 

The expression for denominators are 

k 2 + q 2 s k 2 + q 2 — s V^A " — ^ 

d- = (1 + be), d + = (1 - be), b = /3— - , c = cos6>, 6 = q_k. 

2 2 k z + <r — s 

Product of two Dirac tensors for pion pair have a form (notations in (A3)): 

T^T^ = 16 A 2 (q-q-q-q-)^ 1 ™ 1 - 8AC Vl g_ )^ 1 - 8AC V (q-q-q-Y^ 1 - 8AD^ (q_q_q_)^ Vl - 

8AD»{q_q_q_Y^ +lAr» lVl {q-q-y v +AAr^{q-q-Y^ + 
AC v C Vl {q-q-Y^ +AD»D^{q-q-Y Vl + AC V {q_q_)^ + AC 1 D> x {q_q_) v ^ - 
2C v v^_ - 2C l %„(g_)" 1 - Wr^ql - 2D^r^ + r^r^ + Ag^q^ 1 + 
2g^[AA(q-q-Y lVl - 2C^q>Y - 2D^q"2 + Wl ] + 2g^ [AA{q_q_y v - 2qtC v - 2q v _D» + r>]. 
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The averaging of the relevant 4- vector product give 



<^> = -V<(x + W>; 



< cf_<f- > = I < [X 2 + Pc( X r) + (3 2 (c 2 r 2 + 1(1 - c 2 ). 9± )]^ >; 



^) < {X 3 + (X 2 r)f3c + P 2 [{ X r 2 )c 2 + 1(1 - C 2 )(x.9x)] + /3 3 [cV + 1 C (1 - C 2 )(r ff± )]}^ >; 



<qtq v _qW->=[\) < {x* + Wr)+ 



/? 2 [c 2 (xV) + 1(1 - c 2 )(xV)] + /3 3 [c 3 (xr 3 ) + lc(l - c 2 )(xr.9±)] + 
/3 4 [cV + l(c 2 (l - c 2 ))(rV) + 1(1 - c 2 ) 2 ^)]}^ 1 > . 



(C3) 



Here we imply 

(aby =a^b v + a v b^-{a n Y 1 -^ = a^ 1 ...a^; {a 2 b)^^^ 3 = a^aPV* + ... + b^a^a" 3 
{ag±y^ 3 = a^ g y + a^g^ 3 + a^g^^aH 2 )^ 1 ^ 2 ^ 4 = a^a^b^W 4 + ... + b^b^a^a^ 

(oV)" 1 " 2 " 3 " 4 = a^a^gf^+a^g^^a^ + ... + g^ 2 a» 3 a^ 

(fixffx)" 1 -" 4 = </T 2 </T 4 + gT 3 9l 2 ^ + gft^gt? 1 *- 

The relevant integrals needed within operation of averaging over polar angle are: 

(1-c 2 ) 2 _ 1 



1-c 2 1 
^ =< — >= b 2 



2b 



¥>2 =< 



d? 



2b 4 



2b 



-(3 + b z )L 



1 1 r C 2 (l -C 2 ) 1.3 \.„ ol2 >l,' 



1 1 1 c 2 11 1 1 + 6 

=< >= + ^ =< ^ >= b 2[ l^b 2 -2b L] ' L = ln —b- 



(C4) 



(C5) 



For the charged 7r-meson case we have 



a* =4 + 4/3 2 A^+/3 4 A 2 l^ 2 



1 



p 2 a£ - p 2 < - -4 + /3 2 A(<^ - 2<^ 2 A) + y> 3 A(-5 + p); 

V 2 al= V 2 al = U 2 \ 2 {p-\)b 2 ^ 



1 



P 2 < = ^VA'&V; 
p 2 a? = 1/3VA 2 &V; 
p 4 al = 4 + 2A(1 - p)^ 3 + (16 + (1 - p) 2 )AV 5 - 



(C6) 



[1] R. Karplus and M. Neuman, Phus.REv. 80,(1950),380. 

[2] V. Costantini, B. De-Tollis and G. Pistoni, Nuovo Cimento, 2A(1971),733. 

[3] E. Kuraev and S. Sannikov, ZETP, 44(1963), 1015. 

[4] A. I. Akhiezer and V. B. Berestetskij, Quantum Electrodynamics, GIZ, Moscow,1959. 



